The possibility of spherically symmetric solutions in bi-metric theory of gravity is examined. It is shown that two possible black hole type solutions exists in the model. Spherically symmetric solution of general theory of relativity is recovered in the absence of the second metric. The result is compared with other bi-metric models as well as general theory of relativity.
Introduction
It is proposed that the mathematical formalism of General Theory of Relativity(GTR) can be improved by introducing an additional metric corresponding to a flat space time [1, 2, 3] . The formalism satisfies general covariance and equivalence principles and keeps all the physical predictions of GTR the same. One of the advantages in this scenario is that several quantities like gravitational energy and momentum density that was not having tensor form acquires tensor form [1] . This bi-metric model does not involve coupling between the two metrics. For convenience we call it as BM-I.
Attempts have been made to couple the two metrics through a field. The field may be a vector field [4] or a scalar field [5] . A simplified model with a real scalar field is proposed with out violating positivity conditions of energy density and pressure and with a zero cosmological constant [5] . We refer to it as BM-II. Ever-since its introduction various attempts have been made to solve numerous cosmological puzzles [6, 7, 8] but very little had been done to explore spherically symmetric (SS) solutions in this model. SS solution has by way of its elegant simplicity found place among the problems of fundamental importance. Attempts has been made to find out black hole type solution in BM-I scenario [1, 9, 10] . In BM-I it is shown that SS solution does exist but it does not involve any black hole type solution [3] .
As mentioned earlier extensive study is done relating to the application of BM-II to cosmology, but little had been done to work out SS solutions in this model. Therefore the aim of the present study is to investigate the possibility of SS solution in BM-II. We show that SS solutions exists in this model with black hole type solution. Further it is shown that the gravitational radius acquires a bi-metric feature and from which single metric form of GTR can be recovered. In the second section we discuss BM-II formalism briefly. In the third section we calculate the vacuum field solution for SS distribution of matter. Discussion and conclusion are presented in the last section.
Bi-metric theory of gravity
Various models of bi-metric theories has been proposed [1, 2, 3, 11, 12] . In the present study we work with BM-II as given by [5, 13] ,
Where g µν is the gravitational metric,ĝ µν is the matter metric and φ is called as the biscalar field. The field φ is assumed to be minimally coupled to the gravitational field described by g µν which is governed by Klein-Gordon equation and not necessarily same as other scalar field appearing in matter model. The inverse metricsĝ µν and g µν satisfy the following relationŝ
One recovers GTR when A[φ] = 1 and B[φ] = 0. In the present study we take A[φ] = 1 and B[φ] = B = constant [13] . Thus (1) becomeŝ
Where B ≃ 1 32Π l 2 p and l p is the Planck length [13] . The key motivation behind the choice of B is that it gives the correct order of magnitude of CMB spectrum [14] . This model is applied to Friedmann Lemaître Robertson Walker (FLRW) cosmology [7] . In the current study the biscalar field is taken as homogenous scalar field.
Vacuum field solution
The goal of the present section is to obtain the vacuum field solution for a spherically symmetric homogenous distribution of matter. Consider a centrally symmetric gravitational field produced by a centrally symmetric distribution of matter. This means that the line element ds 2 should have same value for all the points located at equal distance from the centre. Thus the most general form of expression for the line element can be written as,
One can perform the following a co-ordinate transformation,
which does not destroy the central symmetry of the system. This permit us to have a choice of the values for any two quantities among P, Q, R, S and T . We may chose R=-1 and S=0. Thus (4) gives,
It is convenient to write P and Q in the exponential form as c 2 e ν and −e λ respectively. Thus (6) yields
In the bi-metric scenario with (3) the line element (7) takes the following form.
Thus, the non zero components of the metricĝ µν and its inverse are respectively given by: g 00 = e ν + Bφ 1 Here onwards prime is omitted for convenience
Here dot denotes derivative with respect to t and prime denotes derivative with respect to r. This help us to calculate the components of Einstein tensor and the field equations are given as follows,
(10)
Here T ν µ represents the energy momentum tensor. Thus vacuum field solution for SS distribution of matter can be written using (9)-(12) as followṡ
The equation (13) implies that λ has only r dependance. Adding the equations (14) and (15) give the relation between λ and ν as
where ∂ r denotes partial derivative with respect to r. This allow us to establish the relation between ν and λ as e λ = 1
Using equation (15) we get
where F is a constant. We motivate the choice of F based on the fact that in the absence of the second metric we should recover the Newtonian limit and alsoĝ 00 should reduce to Galilean in the limit when r → ∞. F can accommodate an additional term ±Bφ 2 without violating equations (13-15). Therefore two different solutions emerge in this scenario. This can be substituted in (8) and we obtain SS solution for the bi-metric model as,
Thus the gravitational radius of SS distribution in BM-II formalism can be written as,
This shows that the black hole type solution exist in the bi-metric scenario. In the absence of B (the second metric) the results matches with corresponding solution in GTR. Now we compare the result (20) with the models of [3] , [9] and [10] . The SS solutions in all the above models are tabulated in Table 1 . 
All the bi-metric models exhibit the feature of SS vacuum field solution and they agree to GTR result in the absence of the second metric. In the case of BM-II the black hole type solution exists in contrast to other bi-metric models. Gravitational radius of the model under consideration reduces to Schwarzschild solution in the absence of biscalar field φ.
Conclusion
We examined vacuum field solution for SS distribution of matter in BM-II. It is shown that two SS solutions are possible. The metric components in BM-II gives reduces to Galilean form in the limit r → ∞. Single metric form of GTR can be recovered in the absence of B. The analysis of the present result shows that black hole type solution exists in BM-II in contrast to BM -I. The additional correction ie, ±Bφ 2 to Schwarzschild radius is entirely due to the presence of second metric. The result may be used to study the solar system scale phenomenon and may verify the feasibility of bi-metric scenario which are beyond the scope of the present work.
